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This paper presents the numerical computation of a turbulent jet of nitrogen into nitrogen under supercritical

pressure. The large-eddy simulation framework for turbulence modeling is used and real-gas effects are accounted

for through a cubic equation of state and appropriate viscosity and conductivity coefficients. The purpose of this

paper is to evaluate how low-pressure large-eddy simulation equations coupled with real-gas thermodynamics and

transport compare with experiments. Although this approach does not take into account the impact of high density

gradients and nonlinear thermodynamics on turbulence modeling, the results show reasonable agreement with

available experimental data and reveal the importance of numerics for such computations. The simulations indicate

a limited influence of the density ratio and the thermodynamic conditions on the jets spreading rate and

pseudosimilarity behavior.

Nomenclature

a, b, c = coefficients for the Peng–Robinson equation of state
Cp = constant-pressure heat capacity
Cv = constant-volume heat capacity
Cw = wall-adapting local eddy-viscosity model constant
d = jet inlet diameter
deff� = effective diameter
e = internal energy
et = total energy
ek = kinetic energy
EH� = spreading rate of the density profile

EHu = spreading rate of the velocity profile
g = velocity-gradient tensor
K� = slope of the normalized centerline-density profile
Ku = slope of the normalized centerline-velocity profile
L� = half-width, half-maximum of the density profile
Lu = half-width, half-maximum of the velocity profile
P = pressure
Pc = critical pressure
Pr = reduced pressure
Prt = turbulent Prandtl number
q = heat flux
R = ideal-gas constant
Re = Reynolds number
r = specific gas constant
S = symmetric part of the velocity-gradient tensor
s = symmetric traceless part of the square of the velocity-

gradient tensor

T = temperature
Taver = duration of the averaging procedure
Tc = critical temperature
Tr = reduced temperature
Tpb = pseudo-boiling- point temperature
u = velocity
u� = normalized velocity
uinj = jet bulk injection velocity
Z = compressibility factor
� = thermal expansion coefficient
� = isothermal compressibility coefficient
� = characteristic mesh size
�t = time step
� = enthalpy subgrid-scale contribution
�H = half-width, half-maximum spreading angle
�V = visual spreading angle
� = thermal conductivity
� = dynamic viscosity
�t = turbulent dynamic viscosity
�t = turbulent kinematic viscosity
� = density
�c = time-averaged centerline density
�inj = density at the jet inlet
�1 = far-field density
�� = normalized density
�� = normalized centerline-density fluctuation
	 = viscous-stress tensor

 = momentum subgrid-scale contribution

c = characteristic convective time, 50d=uinj
� = vector of conservative variables
! = acentric factor

Introduction

I T HAS been known since the famous cannon barrel experiments
of Baron Charles Cagniard de la Tour (1822) that above a certain

temperature Tc and pressure Pc, the discontinuity between gaseous
and liquid phases disappears. The coordinates Pc and Tc define the
critical point, that is the point above which the phase-change
phenomenon no longer occurs. In such a thermodynamic state,
talking about a gas or a liquid no longer makes sense. This state is
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therefore referred to as a supercritical fluid (SC fluid). The exact
definition of a SC fluid is still a subject of controversy in the literature
and this issue is not addressed here. However, from the standpoint of
computational fluid dynamics, when a departure from the perfect-gas
law occurs, modifications must be made in the numerical solvers.

Rocket engines were the first (and for a long time also virtually the
only) thermal engines working under supercritical conditions.
However, the need for higher efficiency and lower emissions leads to
increased pressure and temperature levels in other engines such
as gas turbines, diesel piston engines and aeronautical turbines.
Therefore, these industries are facing the scientific challenge of SC
turbulent flows. For a proper description of SC fluid dynamics, two
major modifications must be made to the standard low-pressure
Navier–Stokes equations [1–4]:

1) An equation of state (EOS) that accounts for real-gas effects
must be implemented.

2) Transport models for mass and heat transfers must be modified.
It is important that these models (EOS and transport) are made

consistent through the appropriate thermodynamic relations.
The equation of state can be considered as the cornerstone of SC

fluid modeling for it ensures the accuracy of the thermodynamics.
Indeed, the density or the pressure dependence of the heat capacities
are directly driven by the EOS [5]. Another example is the com-
putation of combustion instabilities: the speed of sound computed
from the EOS is a key parameter to the prediction of acoustic modes.
For example, the influence of acoustic perturbations on a single-
species jet was studied by Davis and Chehroudi [6] highlighting a
reduced effect under SC conditions in comparison with subcritical
state, suggesting that the coupling mechanism between acoustics
and jets may be different for SC-pressure jets than for subcritical
pressure jets. From a practical point of view, the equation of state
must compromise between accuracy and computational cost and
cubic equations of state are usually good candidates [3,5]. Strong
modifications of the transport properties also occur at SC pressure:
the dynamic viscosity and thermal conductivity may be enhanced
[5], Soret and Dufour effects may become important, and modeling
mass diffusivity is much more arduous than for low-pressure
cases [7,8].

The impact of thermodynamics in compressible (reactive) flows is
so important that in principle turbulence models should be revised.
Experimental observations of SC turbulent flows suggest a wealth
of new flow structures compared with low-pressure gaseous-
turbulence [9,10]. For example, in SC jets comblike structures
develop on the edge of the jet that are not observed at low pressure
[11]. It has also been shown in numerical simulations that the high
density gradient leads to a local reorganization of the turbulence
[7,12]. Consequently, from both phenomenological and theoretical
perspectives, turbulence models should take into account the ther-
modynamic state of the fluid. However, only a priori studies are
available at the moment on this issue [13] and no turbulence model
specific to SC fluids exists. Therefore, existing perfect-gas models
are still used.

In this paper, a three-dimensional single-species simulation of
axisymmetric jets at SC pressure is performed. Such a configuration
is of particular interest for both validation and theoretical purposes,
since the complicated nature of multispecies transport in the SC
regime is not present. Experiments on single-species SC-pressure
round jets have been carried out both at DLR, German Aerospace
Center [14,15] and U.S. Air Force Research Laboratory [9,11]. The
impact of the SC pressure on the jet topology was evidenced,
showing that rather than breaking into several drops, the ligaments
classically observed in two phase jet dissolve in the ambient gas,
with no longer evidence of drops creation. Moreover, quantitative
measurements of density [10,14,15], density spreading rate and
density decay coefficients are available [9,16]. Visual spreading rates
were obtained byChehroudi et al. [17] andwere shown to be reduced
as the density ratio between injection and ambient gas was increased.

Because of its uncontroversial success in quantitatively predicting
flow features in both reacting and non reacting conditions, the large-
eddy simulation (LES) technique was chosen for this study. Zong
[18] and Zong and Yang [19] used the LES approach to compute two

turbulent nitrogen jets initially at subcritical temperature injected
into SC nitrogen with chamber pressures of 69 and 93 bar (for
nitrogen, Pc � 33:958 bar and Tc � 126:192 K). Good agreements
with the correlation of Chehroudi et al. [11] were obtained
considering the density spreading angle, whereas the centerline-
velocity decay did not follow the pseudosimilarity laws of Chen and
Rodi [20]. They also noticed that jets are surrounded by large
density-gradient regions stabilizing the jet. LES has also been used
for reactive cases in the SC regime: shear coaxial jet flames at SC
pressure were investigated by Oefelein [21,22], Oefelein and Yang
[3], Matsuyama et al. [23], and Tramecourt et al. [24].

In this study, two nitrogen jets at a SC pressure of 40 bar are con-
sidered. The pressure is kept constant for both cases, but the injection
temperature varies: one is below the pseudo boiling temperature,
whereas the other is slightly higher. As a consequence, departure
from the perfect-gas behavior is limited in the second case, whereas
the first case shows strong real-gas effects and density variations
analogous to a continuous phase change. The main purpose of this
paper is to evaluate how the LES equations, with standard low-
pressure turbulencemodels, coupled with a real-gas equation of state
compare with experiments. The behavior in the similarity region is
studied and compared with the pseudosimilarity law of Chen and
Rodi [20]. The present simulation is also compared with the LES of
Zong [18], which is, to the authors knowledge, the only 3-D LES
performed in a similar configuration and under SC conditions.
Because of the scarcity of experimental measurement under super-
critical conditions, our simulations will also be compared with a
variety of variable-density low-pressure jets [25–30] in search for
common features. This additional set of experimental data will be
used for the analysis of the velocity field because velocity measure-
ments under supercritical conditions are not available.

This paper is organized as follows. First, the real-gas model is
presented and validated within the thermodynamic range of the
study. Then the SC LES equations and subgrid-scale models are
presented. Some considerations about the importance of the
numerics are also discussed: the focus is set on the stabilization
procedure needed to overcome the strong stratification observed at
high pressure. Then the configuration, boundary conditions and
mesh are described. Finally, the results are discussed and compared
with available experimental data at both low and high pressures.

Real-Gas Model

In this section, two key ingredients for the numerical simulation of
supercritical flows are presented: the EOS and the models for
transport phenomena. The Peng–Robinson equation of state (PR
EOS) was chosen for this work [31]:

P� �rT

1 � �b �
�2a�T�

1� 2�b � �2b2 (1)

where P is the pressure, T is the temperature, � is the density,
r� R=W (withR being the perfect-gas constant), andW is the molar
mass. The coefficients a�T� and b are defined as

a�T� � 0:457236
�rTc�2
Pc

�
1� c

�
1 �

�����
T

Tc

s ��
2

(2)

b� 0:077796
rTc
Pc

(3)

wherePc is the critical pressure,Tc is the critical temperature, and the
additional parameter c is defined as a function of the acentric factor!
by

c� 0:37464� 1:54226! � 0:26992!2 (4)

Equation (1) is used for a consistent derivation of the pressure
dependence of thermodynamic coefficients (heat capacities, com-
pressibility, speed of sound, etc.), as presented by Miller et al. [32].
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Finally, the low-pressure reference is provided by the JANAF
thermodynamical tables [33].

The validity of this model for the present study is evaluated in
Fig. 1 by comparing the density � and the constant-pressure heat
capacityCp with values from theNIST database.¶ For this validation,
the pressure is set to 40 bars and the temperature varies from 120 to
300 K, which covers the experimental conditions for the two cases
computed in this study. The relative error is less than 3% for the
density and 10% for the heat capacity, except at the pseudo boiling
line (cf. Fig. 1b around 130 K), where the error locally increases to
5% for the density and 20% for the heat capacity.

The adequate framework for the description of transport
phenomena under supercritical conditions is that of the fluctuation/
dissipation theory [34]. The formulation proposed by Miller et al.
[35] and Harstad and Bellan [36,37] is consistent with the kinetic
theory at low pressure and serves as a baseline for this study. For the
particular conditions considered in this work, many simplifications
can be made. Indeed, for single-species calculations, the only term
that remains in the heat flux q is the classical Fickian contribution:

qi ���
@T

@xi
(5)

where � is the thermal conductivity. The method proposed by Chung
et al. [38] is used to compute the transport coefficients: the thermal
conductivity � and the dynamic viscosity �. These coefficients
compare favorably with the NIST database in the range of thermo-
dynamic conditions of this study (Fig. 2).

Altogether, this model provides a quantitative evaluation of
thermodynamic variables over a wide range of pressure and temper-
ature. Note that it naturally degenerates toward perfect-gas behavior
when the pressure is decreased.

Governing Equations

One objective of this paper is to assess the performance of the LES
methodology for the computation of supercritical turbulent flows.
However, the derivation of the LES equations at high pressure is still

an open subject with twomajor additional issues comparedwith low-
pressure flows:

1) The validity of the existing subgrid-scale (SGS) models,
developed for ideal gases, should be examined.

2) Additional SGS contributions may be necessary because of the
nonlinearities in the EOS and the transport coefficients.

The a priori study of Selle et al. [13] suggests that existing SGS
models perform similarly in perfect-gas and real-gasflows.However,
the nonlinearity of the EOS, and to a lesser extent the transport
models, seem to call for additional SGS contributions, but their exact
structure and importance has not been determined yet. In addition,
the strong density gradients encountered at high-pressure call for
specific stabilization of the numerical schemes that is described in the
following section.

Large-Eddy Simulation Equations

The primitive variables for the description of a single-species
continuum (gaseous, liquid or supercritical fluid) are the density �,
the velocity components ui (i 2 �1; 3�), the pressure P and the
temperature T. The total energy et is defined as et � e� ek, where e
is the internal energy and ek � uiui=2 is the kinetic energy. The
vector of conservative variables is �� ��; �ui; �et�. The method-
ology for deriving the LES equations is to apply a filtering operator,
denoted as �	, onto the set of conservation equations. Then the filtered
conservative variables vector is ��� � ��; �ui; �et�, which can also be
written in terms of Favre-averaged variables: ��� � ��; �� ~ui; �� ~et�. The
set of LES equations for single-species SC fluids used in this work is

@ ��

@t
�
@ �� ~uj
@xj
� 0 (6)

@ �� ~ui
@t
�
@ �� ~ui ~uj
@xj

�� @P�
���

@xi
�
@	ij� ���
@xj

�
@ ��
ij
@xj

(7)

@ �� ~et
@t
�
@ �� ~et ~uj
@xj

��
@P� ��� ~uj
@xj

�
@qj� ���
@xj

�
@	ij� ��� ~ui
@@xj

�
@ ���j
@xj

(8)
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Fig. 1 Validation of the EOS and thermodynamics for pure nitrogen: a) density and b) constant-pressure heat capacity; NIST database (solid line) and

real-gas model (notched line), based on the PR EOS [31].
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Fig. 2 Transport coefficients of pure nitrogen: a) viscosity and b) thermal conductivity; NIST database (solid line) and Chung et al. [38] (notched line).

¶Data available online at http://webbook.nist.gov [retrieved March 2010].
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where 	 is the viscous-stress tensor:

	ij � 2�

�
Sij �

1

3
Skk�ij

�
(9)

Sij �
1

2

�
@ui
@xj
�
@uj
@xi

�
(10)

and the SGS contributions 
 and � are defined as


ij �guiuj � ~ui ~uj (11)

�j �ghuj � ~h ~uj (12)

The notation P� ��� [respectively, qj� ��� and 	ij� ���] means that the
functional form of Eq. (1) [respectively, Eqs. (5) and (9)] is used

together with the vector of filtered variables ��. In general, the filtered
function  ��� and the function computed on the filtered field  � ���
are not equal, unless  is a linear function.

Equations (6–8) are based on the derivation of Selle et al. [13]
(their Eqs. 4.6 to 4.8) with additional simplifications. First, the term
@ ��
ij ~ui=@xj in their Eq. 4.8 is shown [13] to be at least 1 order of
magnitude smaller than the other resolved terms, so that it is
neglected. Then in the case of single-species flows, the heat flux is
mildly nonlinear because only the Fickian term is present so that the

approximation qj��� � qj� ��� is retained. Last but not least, because
the EOS is a nonlinear function of the primitive variables [cf.
Equations (1–3)] the application of the LES filter will yield subgrid-
scale contributions. This question is discussed at length by Selle et al.

[13] who proposed a model for the filtered pressure �P. However, as a
first step for this study, the approximation �P� P� ��� is retained.

Subgrid-Scale Models and Assumptions

The closure of the Reynolds stresses [Eq. (11)] requires particular
attention. For the LES of jets, the subgrid-scale model should be
able to limit dissipation in the pure shear zone, where the linear
perturbations grow before transition to turbulence. For such config-
uration, the classical Smagorinsky model is known to be too
dissipative and the wall-adapting local eddy-viscosity model [39]
[Eq. (14)], which has been designed to be less dissipative in pure
shear zones by accounting for the rotational rate, is used. The SGS
stress tensor is then


ij � 2�t
�
~Sij �

1

3
�ij ~Sll

�
(13)

with

�t � �Cw��2
�sdijsdij�3=2

� ~Sij ~Sij�5=2 � �sdijsdij�5=4
(14)

sdij � 1
2
� ~g2ij � ~g2ji� � 1

3
~g2kk�ij (15)

where Cw � 0:4929, � is the filter size and ~gij is the velocity-
gradient tensor :

~g ij �
@ ~ui
@xj

and ~g2ij � ~gik ~gkj (16)

The SGS energy flux [Eq. (12)] is modeled using the gradient
transport assumption:

���j ��
�t �Cp
Prt

@ ~T

@xi
(17)

where �t is the turbulent viscosity and Prt is the turbulent Prandtl
number. Following previous work [40], the value Prt � 0:6 is used.

Numerics

The AVBP [41] code used for this study solves the compressible
Navier–Stokes equations for a multicomponent mixture of fluids on
unstructured meshes. To achieve high-quality LES, a widespread
approach is to use high-order low-dissipation centered schemes
[42,43]. For example, the two-step Taylor–Galerkin–Colin (TTGC)
scheme [44] implemented in AVBP is third-order in time and space
has successfully been validated for both nonreacting and reacting
flows [45]. For SC flows, however, very steep density gradients are
often present so that the numerics had to be adapted to avoid spurious
oscillations. Because the purpose of this paper is not the description
of the cell-vertex formalism used in AVBP [41,44] the focus is set on
the specific adaptations for SC flows rather than an extensive
description of the discrete expressions for the operators. The strategy
that was chosen is to use artificial viscosity (as, for example,
proposed by Jameson et al. [46]), and it can be decomposed in three
parts:

1) The variables that need stabilization are identified. For low-
pressure nonreacting LES the stabilization of the momentum
equation is sufficient. For reacting flows the energy equation needs
stabilization. However, under SC conditions, the density field also
had to be stabilized.

2) A function �k;j is devised to detect underresolved gradients at
node k in cell �j:

�k;j �
j��j
� �k � �r��k:�x�j

� xk�j
j��j
� �kj � j�r��k:�x�j

� xk�j � j�PGk j
(18)

where �k (respectively, ��j
) is the density at node k (respectively, in

cell �j), and �
PG
k � P=�rT� is the perfect-gas approximation of the

density. The sensor 
�j
is then defined as


�j
� 1

2

�
tanh

�
 �  0

�

�
� tanh

�
� 0

�

��
(19)

where �maxk2�j
�0; �k;j� and the model constants 0 and � are set

to 0.2 and 0.05, respectively.
3) A blend of contributions from two operators is added to the

solution. A second-order derivative is used to add viscosity when the
sensor is activated: this smoothes the largest gradients. A fourth-
order derivative is also added to avoid node-to-node oscillations
outside the gradients [44]. The coefficients for these two con-
tributions are set to the lowest value, preserving monotonicity.

One peculiarity of SC flows is the highly nonlinear thermo-
dynamics, consequently, if the artificial dissipation is not applied
consistently on all variables, it can perturb the pressure field and
generate strong acoustic waves. The minimization of this unphysical
noise was achieved by writing the exact differential of pressure with
respect to total energy �et, density, and momentum:

dP� �

��Cv
d��et� �

Cp � �h� �ek
�Cv�

d�� �ui
��Cv

d��ui� (20)

where � is the thermal expansion coefficient, � is the isothermal
compressibility coefficient,Cp andCv are the heat capacities, h is the
enthalpy (per mass unit), and ek is the kinetic energy. Imposing
dP� 0 in Eq. (20) allows to construct the variation of �et, consistent
with themodification of � and�ui by artificial viscosity, that does not
generate pressure fluctuations.

Fig. 3 Sketch of the configuration.
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Finally, the boundary conditions are treated with the characteristic
wave decomposition method NSCBC (Navier–Stokes characteristic
boundary conditions) [41,47], which was also adapted to real-gas
thermodynamics [48].

Flow Configuration

The configuration is the experimental setup of Mayer et al. [15]. It
consists of a single round jet (diameter 2.2 mm) injected in a
cylindrical chamber (diameter 122 mm) pressurized at 39.7 bar at a
temperature of 298 K (Fig. 3). The critical-point coordinates of
nitrogen are Pc � 33:958 bar and Tc � 126:192 K so that the setup
is under supercritical conditions.

Thermodynamic Conditions

Two cases with a different inlet temperature were computed and
are presented in Table 1. These cases are numbered according to
Mayer et al. [15] and were chosen because they are particularly
challenging for a numerical solver. Indeed, for such single-species
flows, the proximity of the critical point (jet reduced temperature
1:006< Tr < 1:086 and reduced pressure Pr � 1:17) represents a
worst-case scenario in terms of thermodynamic properties and
density variations (cf. Fig. 4) [9,49]. The density ratio is �inj=�1 �
9:6 for case 3 (�inj;3 � 435 kg 
m�3) and �inj=�1 � 3:7 for case 4
(�inj;4 � 171 kg 
m�3). Moreover, despite the relatively small
temperature difference between the two cases, the fact that the
pseudo boiling temperature (Tpb � 129:5 K at 39.7 bar) lies just
between cases 3 and 4 dictates qualitatively different behaviors. The
pseudo boiling temperature Tpb is the temperature for which, at a
given pressure, the constant-pressure heat capacity Cp reaches its
maximum; it is the prolongation of the gas/liquid phase-change line.
Consequently, whereas for case 3, Cp initially increases when the
jet heats up, it monotonically decreases for case 4, as shown in
Fig. 4b. Note, however, that because of the strong changes in
dynamic viscosity near the pseudo boiling temperature (Fig. 2), the

Reynolds numbers at injection for cases 3 and 4 are very close:
Reinj � 160; 000.

Numerical Setup: Mesh and Boundary Conditions

The computational domain is presented in Fig. 5a, and a
longitudinal cut of the mesh is displayed in Fig. 5b. This fully
unstructured grid (tetrahedral cells) is finest near the injector, with a
constant characteristic cell size of �� 0:1 mm in a cylinder of
diameter 1.8 times the jet diameter and length almost 10 diameters.
This zone is followed by a smoothly coarsening region. The mesh,
which is the same for both cases, contains 9:4 � 105 points and
5:5 � 106 tetrahedra.

The boundary conditions are presented in Fig. 6. The pressure in
the reservoir ismaintained by a nonreflecting outlet relaxed to a target
pressure [48]. The walls near the injector are treated as adiabatic,
whereas the reservoir walls are kept at a constant temperature
of 298 K. The velocity and temperature are imposed at the inlet
with turbulent perturbations prescribed by the procedure initially
developed by Kraichnan [50] and Smirnov et al. [51]. No measure-
ment of the velocity fluctuation level are provided at the injector exit,
thus an intensity of 2.5% of the mean flow is imposed, which is a
typical value for turbulent round jets. A sensitivity study was
performed on a coarse mesh (Table 2) for case 3 with a turbulence
level of 5% instead of 2.5%. The following procedurewas used: once
the computation has reached a statistically stationary state at a 2.5%
turbulence level, an instantaneous solution is chosen as initial
condition for the analysis. From this solution, averaging is performed
over 0.03 s at 2.5% turbulence and an other computation at 5%
turbulence is ran for 0.01 s (without averaging) and then averaged
over 0.03 s. This averaging time is sufficient for the analysis, as it
corresponds to three convection times over 22 diameters at uinj. The
normalized centerline density �� [cf. Equation (22)] is presented in
Fig. 7a for both turbulence levels. It shows that the dense-core length
is shortened at the higher inlet turbulence, but past the transition
region, the solutions have the same evolution. The analysis of density

Table 1 Operating conditions for cases 3

and 4 of Mayer et al. [15]

Case Tinj, K uinj, m:s
�1 T=Tpb �inj=�1 Reinj

3 126.9 4.9 0.98 9.6 1:7 � 105

4 137 5.4 1.06 3.7 1:6 � 105

Fig. 4 Plots of a) density and b) heat capacity for cases 3 and 4; jet and reservoir conditions (○).

Fig. 5 Sketches of a) view of the computational domain and b) cut of the mesh on a length of 30 injector diameters.

Fig. 6 Sketch of the boundary conditions used in the present

simulation.
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fluctuations [cf. Equation (25)] in Fig. 7b yields the same conclusion,
as both inlet turbulence values reach the same fluctuation levels.

For the computation of both case 3 and 4, the fluid is initially at rest
and at reservoir temperature. The calculations are first computed on a
coarse mesh (cf. the convergence study detailed below) and then
interpolated on finer meshes. The computations are basically never
restarted from the initial condition during the whole process of fine
tuning of numerical parameters (we first use a fast second-order Lax–
Wendroff scheme and then switch to the more precise third-order
scheme called TTGC [44]) and the averaging of the flow is started
only after domain-averaged quantities (mass fluxes, pressure,
resolved kinetic energy, etc.) reach a steady state.

A mesh-convergence study was carried out to assess the accuracy
of the simulation on our grid. The computation of case 3 was carried
out on a coarser andfinermeshwhose characteristics are summarized
in Table 2. Between the coarse and fine meshes, there is almost a
factor of 2 for the cell size � in the refined region (ten diameters
downstream of the injection). Table 3 presents the characteristics
of all the computations: case 3 on the three meshes and case 4 on
the intermediate mesh. The results of the convergence study are
summarized in Fig. 8, in which the time-averaged centerline-density
profile is plotted for the three meshes. First, the dense-core length
(i.e., the initial density plateau) is slightly longer for the coarse mesh
but virtually identical for the intermediate and fine meshes. In the
region where the density varies the most (i.e., between x=d� 20 and
30), the averaged densitywith the coarsemesh is significantly higher,
whereas the intermediate and fine meshes predict marginally
different values. The results of Fig. 8 indicate that the intermediate
mesh offers the best precision over computational-cost ratio, and it
was therefore chosen for this study. All results presented in the
remainder of the paper were obtained on the intermediate mesh.

Results and Discussion

Flow Visualization

An instantaneous isocontour of density �0:5 � ��inj � �1�=2 is
presented in Fig. 9. For both cases, the development of coherent
structures on the outer side of the jet eventually leads to complete
destabilization, transition to turbulence andmixing of the jet with the
ambient fluid. As presented in Table 1, the jet density for case 3 is
much larger than for case 4. Consequently, case 3 has a much longer
dense core, together with the intermittent emission of dense pockets,
which are resilient to destruction by turbulence. Overall, the larger
density difference seems to hinder the development of turbulence,
together with a lower mixing efficiency. From a thermodynamics
perspective, the resistance of case 3 to heat transfer can also be

attributed to the surge of Cp across the pseudo boiling line (cf.
Fig. 4b).

To reconstruct shadowgraphlike images, Fig. 10 (bottom) shows
the integration of the density gradient along the line of sight. The
same visual characteristics as in Mayer et al. [15] (Fig. 10, top),
are present. First, both jets are initially surrounded by large density
gradients, much larger for case 3. The dense-core lengths are in
qualitatively good agreement, this point will be quantified. Stretched
entities emerging from the central core are visible in case 3 for both
numerical and experimental results. Finally, in both experiment and
simulation, strong density gradients are still present at the end of the
visualization region for case 3, whereas they quickly fade out in
case 4.

Normalized Centerline Profiles

The centerline profile of densitywasmeasured byMayer et al. [15]
using 2-D Raman technique. These results are compared with the

Table 2 Summary of meshes characteristics

Mesh name �, mm No. of points No. of cells

Coarse 0.133 4:1 � 105 2:4 � 106

Intermediate 0.100 9:4 � 105 5:5 � 106

Fine 0.075 2:2 � 106 13:7 � 106
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Fig. 7 Sensitivity study of the turbulence level prescribed at the inlet: a) normalized centerline density [cf. Equation (22)] and b) centerline-density

fluctuations [cf. Equation (25)]; 2.5% turbulence (dashed line), 5% turbulence (solid line), and 5% translated to account for the reduction of the dense

core (dotted line).

Table 3 Information about the time-averaging procedure and

high-performance computing for the differentmeshes and cases

Case and mesh �t, �s Taver, s
a Taver=
c No. of CPUs times

wall clock, h

3 coarse 0.110 0.143 6.4 128 � 60
3 intermediate 0.070 0.161 7.2 512 � 107
3 fine 0.045 0.045 2 1024 � 50
4 intermediate 0.070 0.140 6.8 512 � 91

aThe number of flow-throughs during the averaging procedure (Taver) is based
on the reference convective time 
c � 50d=uinj.

Fig. 8 Centerline-density profile: mesh-convergence study; coarse
mesh (dashed line), intermediate mesh (solid line) and fine mesh (dotted

line).

Fig. 9 Isocontour of density �0:5 � ��inj � �1�=2 in the near injector

zone (20 diameters).
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present numerical simulations in Fig. 11 and show good agreement.
For case 3, the computational results accurately predict the drop in
centerline density despite a small (�10%) overestimation near the
injector, which could be due to a systematic error of the Raman
technique in very-high-density regions [15]. For case 4, however,
there are large discrepancies, one striking feature of the experimental
data being the absence of an identifiable dense-core region near the
injector, which is not consistent with the visualizations. It is therefore

Fig. 10 Shadowgraphs from Mayer et al. [15] for cases 3 and 4 (top) and numerically reconstructed shadowgraphs of cases 3 and 4 (bottom) over a

distance of 12 injector diameters.
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Fig. 11 Comparison between experimental results and LES results of the Centerline density in terms of normalized distance from the injector: a) case 3

and b) case 4; present LES (solid line) and + Mayer et al. [15] (notched line).

Fig. 12 Schematic representation of the determination of the HWHM
spreading angle �H using the density field (from Raman spectroscopy in

the experiments).

Fig. 13 Principle of the determination of the visual spreading angle �V

of the jet (from shadowgraph images in experiments).
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Fig. 14 Plots of a) evolution of jetHWHML� downstreamof the injector;Mayer et al. [15] for case 3 (●); presentLES for case 3 (solid line) and for case 4

(dashed line), and b) HWHM density spreading rate EH
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experiment), Chen and Rodi [20] (dashed line) (0.11), real-gas simulations of Zong [18] (○), and present simulations (□).
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difficult to draw a definite conclusion on this comparison. From the
centerline-density profiles, one can evaluate the dense-core length,
which is defined as the downstream coordinate where the density
decreases below 99% of �inj. It is found to be 7.9 diameters for case 3
and reduces to 5.1 diameters for case 4.

Spreading Rates

The spreading rate of a jet is a direct measure of mixing efficiency.
In this section, the spreading rates of the jet are evaluated using either
the density or the velocity fields.

Using the density field, two criteria based on available experi-
mental results can be derived. The first criterion is called the half-
width, half-maximum (HWHM) [10,14] and is illustrated in Fig. 12.
Cross-stream profiles of average density are used to define the half-
widthL� of the jet, taken at themedianvalue between dense and light
regions. Then the spreading rate EH� is defined as the slope of the
linear regression of L� along the jet axis. For consistency, the linear
regressionmust be performed in a regionwhereL� increases linearly,
which is typically the case past the dense-core and transition zone.
The HWHM spreading angle �H is then defined as

�H � arctan�EH� � (21)

The second criterion for the density spreading rate is based on a direct
visualization of the flow, for example, by drawing the outermost
observable extent of the jet from a shadowgraph image [11]. The
principle of this method is presented in Fig. 13. Obviously, the two
measures �H and �V are expected to differ for at least one reason: �H

does not account for the initial dense-core region of the jet, whereas
�V does.However, it was suggested [11] that the twowould be related
through a simple factor of 2. Evaluating the visual extent of the jet
from a time-averaged density field obtained by numerical simulation
is a difficult task, as it is very sensitive to the threshold for density.
This quantity is therefore not presented in the present analysis,
although it is an appropriate experimental measurement.

The HWHMmethodology can be duplicated to measure the half-
width of the velocity profile at half the maximum Lu and derive the
velocity spreading rate EHu through linear regression.

Density Spreading Rate

The jet HWHM L� is presented in Fig. 14a for the LES of cases 3
and 4 as well as the experimental results of Mayer et al. [15] for
case 3. First, one can note that the jet initially keeps a constant width
followed by a linear increase, a feature that was also experimentally
observed [16]. Then for case 3, the LES matches the experimental

measurements, which is consistent with the jet-axis density profiles
presented in Fig. 11. This means that for case 3, which crosses the
pseudo boiling point and has the most real-gas effects, the LES
predictions quantitatively agree with the experiment in terms of jet
length and width.

In Fig. 14b the spreading rate EH� of the present simulations are
compared with experimental data (both low- and high-pressure),
semi-empirical analysis [20] as well as existing numerical simul-
ations [18]. For the present simulations, the computation of EH� is
based on a linear regression of L� for 15 < x=d < 50. The first
striking feature is that the measurements of Mayer et al. [15] are
extremely scattered even for a fixed density ratio (e.g., �inj=�1 � 10
in Fig. 14b), which is quite strange given the agreement on L�. At
present, there is no explanation for this discrepancy. Our simulations
are, however, in very good agreement with the measurements of
Oschwald et al. [9,16] despite a slight underestimation for case 4
(�inj=�1 � 3:7 in Fig. 14b). The last set of experimental results
reported in Fig. 14b is the low-pressure data ofRichard and Pitts [27],
which cover density ratios lower than 2. With the notable exception
of the results from Mayer et al. [15], both experiments and
simulations suggest that the density ratio has a very limited impact on
the spreading rate of the jet. It is also evident that all of these data are
quite consistent with the semi-empirical formulation proposed by
Chen and Rodi [20] stating that EH� � 0:11.

Velocity Spreading Rate

Duplicating the same methodology, the HWHM of the velocity
field Lu is presented in Fig. 15. It is interesting to note that the initial
plateau observed onL� in Fig. 14a is not present on the velocity field.
Low-density-ratio experiments show such a plateau, with one
notable exception in the experiment of Amielh et al. [29], in which
�inj=�1 � 0:14: Lu initially decreases downstream of the injector
and eventually linearly increases (Fig. 6 in [29]). It is also observed
that past a transition region (typically x=d > 10) both jets show a
linear evolution of L� and Lu, which can be considered as an
a posteriori justification for the computation of the spreading rates
through linear regression.

The velocity spreading rate Eu of the present simulations is
compared with available experimental data. Unfortunately, the

Table 4 Spreading rates of velocity Eu in terms of density

ratio and comparison with other available data for

variable-density jets from the literature [25,28–30]

�inj=�1 0.14 [28,29] 1 [25,28–30] 1.54 [25] 3.7 a 9.6 a

Eu 0.109–0.110 0.088–0.096 0.085 0.080 0.090

aPresent simulations.
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Fig. 16 Plots of a) normalized density �� [Eq. (22)] along the jet centerline and b)�� with downstream coordinate normalized by the effective diameter
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measurement of velocity fields in high-pressure flows is a practical
challenge so that the velocity spreading rates are not available from
Mayer et al. [15]. Consequently, other variable-density low-pressure
round-jet experiments are considered for comparison [25,28–30].
These results are summarized in Table 4. Overall, the velocity
spreading rate is weakly affected by the density ratio, especially for
�inj=�1 
 1. On the other hand, for the lower �inj=�1, the spreading
rate is enhanced by around 20%.This could be attributed to buoyancy
effects, whichwere not taken into account in our simulations:Amielh
et al. [29] pointed out that Eu can be significantly influenced by
confinement effects induced bywalls or coflow,whichwas not tested
in this work.

Pseudosimilarity Analysis

The centerline density and velocity fields are normalized in search
for similarity among supercritical jets. Common definitions for
variable-density jets are

�� �
�inj � �1
�� �1

(22)

u� �
uinj
u

(23)

noting that �� (respectively, u�) is actually inversely proportional to
the density (respectively, the velocity). It is well known that variable-
density jets are not similar when the coordinates are normalized by
the jet diameter. This observation also holds for supercritical jets, as
shown in Fig. 16a. However, past the initial dense-core region where
the density is constant, �� follows a linear evolution for both cases. It
was first proposed by Thring and Newby [52] that the normalization
of the downstream coordinate uses an effective diameter deff� ,
depending on the density ratio and defined as

deff� � d
�
�1
�inj

�
�

(24)

For low-pressure variable-density jet, the centerline evolutions of ��

(respectively, u�) collapse onto a single line in the region where the
jet is fully developed [28,29] for �� 1=2 (respectively, ���1=2).
In Fig. 16b the downstream coordinate is nownormalized bydeff1=2, but

each curve is also horizontally translated by a different value to
account for the changes in dense-core and transition regions lengths.
The resulting shifted coordinate is denoted as x0. Figure 16b shows
that the two supercritical jets considered in this paper now have the
same slope in the fully developed region. Note that the transition

region seems to be affected by the large density ratio of case 3. It is
interesting to see that in comparison with the low-pressure jet of
Chassaing [25], similar behaviors are once again observed, even in
the transition zone for case 4. The collapsing of all curves past the
transition region may not be so surprising as the cold jet gradually
heats up toward the chamber’s conditions. Indeed, in the thermo-
dynamic conditions of the chamber (298 K and 39.7 bar) the
compressibility factor Z� P=��rT�, which is a measure of the
departure from the perfect-gas EOS is Z� 0:996. This would
explain how, once the jet has transitioned and turbulent mixing is
efficient, these SC jets behave like low-pressure jets. Finally, the LES
results of Zong [18] also reported in Fig. 16b exhibit a drastically
different behavior and does not seem to agree with the experimental
data from Mayer et al. [15] (Fig. 11). At present, there is no
explanation for such discrepancy.

The slope of ��, denoted as K�, is presented in Fig. 17 for
experimental configurations at both low and high pressure. Once
again, high-pressure Raman measurements [16] are quite widely
scattered whereas the present computations show virtually no influ-
ence of the density ratio. Once again, it appears that the supercritical
jets favorably compare with low-pressure experiments [26].

The normalized velocity u� is compared with experimental data
from Chassaing [25] as well as the real-gas simulation of Zong [18].
Figure 18a presents the centerline evolution of u� and, consistently
with low-pressure experiments, it appears that lighter jets show a
faster velocity decay [29]. One notable exception is the real-gas
simulation of Zong [18], which shows a velocity decay similar
to the experiment of Chassaing [25] despite a much larger density
ratio. Similarly to what was done for the density measurements,
the downstream coordinate is normalized by deff�1=2 and Fig. 18b

shows that the two present supercritical LES cases collapse onto
experimental curves. Just like for the density ��, the normalization
by an effective diameter reveals a similarity between variable-
density jets at both low and high pressure. Once again, the
simulations of Zong [18] stand out by showing a much accelerated
rate of decay for u�.

The slope of u� in the linear zone is noted Ku and is reported in
Table 5 for awide range of density ratios.Velocity-decay slopes show
limited scatteringwith no clear trend as to the influence of the density
ratio. Thermodynamic conditions also seem to have a marginal
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Fig. 18 Plots of a) normalized velocity u� [Eq. (23)] along the jet centerline and b) centerline u� with downstream coordinate normalized by the effective

diameter deff�1=2 [Eq. (24)]; case 3 (solid line), case 4 (dashed line).�inj=�1 � 1:43: Chassaing [25] (□),�inj=�1 � 1: Chassaing [25] (○), and real-gas LES

results for �inj=�1 � 7:9: Zong [18] (×).

Table 5 Velocity-decay constant Ku in terms of density
ratio and comparison with other available data for

variable-density jet from literature [25,28,30]

�inj=�1 0.14 [28] 1 [25,28,30] 1.43 [25] 3.7 a 9.6 a

Ku 0.153 0.165–0.193 0.183 0.160 0.150

aPresent simulation.
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impact, with, for example, the two extreme cases being as close as 2%
in terms of Ku.

Density Fluctuations

The density fluctuation levels are scrutinized for both cases along
the centerline of the jet and in the radial direction. To compare density
fluctuations with available measurements of passive scalars, one
defines �� as

�� � �� �1
�c � �1

(25)

where �c is the time-averaged centerline density. Figure 19 presents
the root-mean-square fluctuations of ��. Both cases show similar
trends with an initial region void of fluctuations followed by a steep
increase and a gradual decrease toward a plateau. The initial region is
longer for case 3,which is consistentwith the longer dense core. Both
cases reach comparable fluctuation levels with a delayed peak for the
dense case. In the decrease zone, the two cases differ notably, as
case 4 shows a fast decrease (roughly inversely proportional to x)
toward an asymptotic value, whereas for case 3 the fluctuations
diminish approximately linearly. For case 4 the rms fluctuations of
�� reach a plateau in the range proposed by Chen and Rodi [20] for
passive-scalar fluctuations in low-pressure jets. Finally, the dense
case also seems to stabilize in the same range despite the poor
convergence of the rms, which could not be achieved so far
downstream, mainly because of the mesh coarsening.

Additionally, radial profiles of the rms of�� are comparedwith the
low-pressure experiment of Panchapakesan and Lumley [28] in
Fig. 20. For case 4, which is the lighter jet, radial profiles at x=d� 25
and x=d� 30 are already self-similar and compare favorably with
the experimental results. For case 3, however, (Fig. 20a), the density
fluctuations at x=d� 40 are still significantly greater than in the low-
pressure experiment. This is consistent with the visualization of
dense pockets far downstream aswell as themeasurements presented
in Fig. 19. However, in the outer skirt of the jet (typically y=L� > 1)
the supercritical jets match the low-pressure measurements of
Panchapakesan and Lumley [28] (�inj=�1 � 0:14).

Conclusions

The simulation of two single-species round jets at supercritical
pressure is achieved using the LES solver AVBP. Under such
conditions, both jets exhibit departure from the perfect-gas behavior,
which is accounted for by the use of the Peng–Robinson equation
of state, consistent thermodynamics, and appropriate transport
coefficients.

Along the initial mixing layer, the jets are characterized by the
presence of strong density gradient, caused by the high density ratio
between injection and reservoir conditions (�inj=�1 � 3:7 and 9.6).
Although such conditions may call for the use of a modified subgrid-
scale model, the present study uses standard low-pressure closure
that neglects the unresolved nonlinearities due to the EOS. Despite
this simplified approach, quantitative comparison of density fields
and density spreading rates with high-pressure experimental
data shows good agreement for the dense case, which has the most

real-gas effects. These results suggest that the approach used in this
study allows LES to obtain reasonable agreement considering the
main features of highly real-gas single-species flows. Nevertheless,
some unexpected discrepancies remain for the lighter case, mainly
related to a scattering in the experimental data.

The spreading rates for density and velocity for both cases were
compared with a large database of low- and high-pressure variable-
density jets, pointing out little impact of the initial density ratio and
thermodynamic conditions. The same observation holds for the
pseudosimilarity behavior for the centerline density and velocity
decay, once the downstream coordinate is normalized by an effective
diameter, depending on the initial density ratio. Overall, these results
indicate a weak influence of the density ratio and thermodynamic
conditions on the similarity properties of round jets. As discussed in
the paper this conclusion should be moderated by the fact that the
thermodynamic conditions in the chamber are close to that of a
perfect gas, so that once turbulence enhances mixing, these SC jets
behave like low-pressure jets. However, in the dense-core and
transition regions the influence of the thermodynamic conditions is
clear: the jet with most real-gas effects has a longer dense core and a
slower transition to turbulence. This highlights the necessity to
implement real-gas thermodynamics for the numerical simulation of
SCflows, not only to obtain accurate values for the density, but also to
capture the structure of the flow.
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